Coupled cluster valence bond (CCVB) is a simple electronic structure method based on a perfect pairing (PP) reference with 2-pair recouplings for strong electron correlation problems. CCVB is spin-pure, size-consistent, and can exactly (in its active space) separate any molecule into atoms for which unrestricted Hartree-Fock at dissociation is the sum of the ground state UHF energies.
I. INTRODUCTION
Most practical electronic structure calculations are performed using density functional theory (DFT) methods 1,2 , because the accuracy of standard functionals 3,4 is adequate for chemical applications to many complex systems, such as catalytic processes 5 . Furthermore there have been continued improvements in the accuracy of new functionals 3, 4, 6, 7 . However, DFT has well-documented limitations 8 , such as the delocalization and strong correlation errors, which affect a range of significant problems, such as relative energies of different spin states in transition metal-containing systems 9, 10 . For much greater computational cost, standard wavefunction methods 11, 12 based on a single determinant Hartree-Fock (HF) ref-
erence, such as coupled cluster theory with single and double substitutions, corrected for triple substitutions via CCSD(T) 13 , are able to exceed the accuracy of DFT, and do not suffer from the delocalization error.
However, addressing the strong correlation (SC) problem lies beyond approaches such as standard DFT or single-reference wavefunction methods. By contrast, SC is defined by large numbers of electron configurations making essential contributions to the wavefunction.
Methods to address SC are diverse, and we can only briefly mention a few main directions
here. SC models begin with brute force solution of the Schrodinger equation in a subspace of essential orbitals via complete active space (CAS) methods [14] [15] [16] or related approaches based on spin-flipping 17, 18 . Recently there have been promising efforts to more efficiently solve that problem, by selecting essential configurations either stochastically 19 or deterministically 20, 21 with both approaches yielding much softer exponential scaling. Lower scaling approaches are possible based on reduced density matrices 22, 23 , or the density matrix renormalization group 24, 25 . One can also approximate the CAS wavefunction, for example by special types (restricted or generalized active spaces) of configuration selection [26] [27] [28] or coupled cluster theory [29] [30] [31] [32] . Nonetheless, the SC problem remains open because at present only the exponentially scaling brute force methods can guarantee satisfactory accuracy in all types of SC cases.
This work is concerned with extending the domain of applicability of the coupled cluster (CC) valence bond (VB) approach [33] [34] [35] [36] to SC. CCVB is an example of a physically motivated ansatz for SC, which approximates spin-coupled valence bond theory [37] [38] [39] at dramatically lower computational cost. CCVB can also be viewed as a generalization of spin projected unrestricted HF (PUHF) 40 with improved physical properties. Like PUHF, CCVB has correct spin symmetry, is suitable for small strongly correlated systems, and is (empirically)
variational. Unlike PUHF, CCVB is size consistent and is thereby potentially suitable for large strongly correlated systems. CCVB has been extended to open shell systems, with very encouraging results 36 . The fundamental ideas of CCVB have also been used to create a generalization of CCSD for even electron systems, termed CCVB-SD 41, 42 , that treats SC far better than CCSD itself (though at much greater cost than CCVB).
Concentrating on singlet spin states, the CCVB wave function 33, 34 has the form of an unconventional CC expansion that begins with the Perfect Pairing (PP) wave function 43, 44 , which is an antisymmetrized product of simple singlet pair wave functions. Generally, the PP pairs may be identified as one of core electrons, bonds, or lone pairs. Each pair is the solution of a 2 electron in 2 orbital problem, and thus pairs associated with single bonds can dissociate correctly. CCVB traverses a hierarchy of configurations that substitute the singlet pairs with triplet pairs, where the independent variables are 2-pair recoupling amplitudes. The substituted configurations provide the leading contribution to the correlation between the bonding pairs. Despite its simplicity, CCVB has a remarkable exactness property. Reflecting its link to PUHF, it can separate a closed shell molecule into separated atoms for any system where at dissociation the UHF energy equals the sum of the ground-state UHF energies of the atoms 33, 34 .
CCVB is far from a complete treatment of active space correlations. One fundamental omission is that closed shell CCVB has no contribution from 3-pair substituted configurations (nor with those involving any odd number of pairs). This is because the PUHF wave function does not overlap with these configurations. The first purpose of this paper is obtain a working approach to inclusion of these configurations, as an extension to CCVB. The resulting theory is presented in Section II, leading to tractable working equations that can be implemented within electronic structure software packages. The 3-pair recouplings are treated via an independent amplitude approximation so that they can be solved without iterations, while directly influencing the (iterative) CCVB equations for the 2-pair recouplings in a self-consistent manner. Reflecting this hybrid nature, the method is called CCVB+i3.
The second purpose of this work is to begin to explore situations in which the 3-pair recouplings make a significant contribution to electron correlations. The 3-pair and associated configurations are an essential part of the configuration space, and thereby they significantly contribute to numerous states, although these are not necessarily energetically previously been used as a model system in a pioneering study 45 that explored the dense, low-lying energy spectrum using the DMRG method. Applying the CCVB+i3 approach establishes that this complex has extensive 3-pair correlation in its low-lying singlet states (though not the ground state), and this provides significant insight into the nature of the bond triads producing this correlation.
II. THEORY
In this paper, we will restrict the development to singlet systems. Open-shell systems involve some additional theory that will be treated separately in a forthcoming paper. 46 We will now briefly describe some CCVB prerequisites.
The CCVB wave function uses a PP reference wave function. The latter is an antisymmetrized product of n p ≡ ne 2 geminals, with n e being the total number of electrons. Some of these geminals may be "inactive", i.e. they are basically a doubly occupied orbital. The remaining geminals are active, and each of these is a two electrons in two orbitals, i.e. (2,2), wave function. All of the mentioned orbitals are orthogonal, and hence the geminals are "strongly orthogonal".
More explicitly, the PP wave function may be written as
One way of viewing a 3-pair substitution is as a coupling of two triplet pairs to a triplet, which is then coupled to the remaining triplet pair to get an overall singlet. In this way, 3-pair correlation is rather different from 2-pair correlation, and this is consistent with the geometric distinctions between systems that do and do not exhibit large 3-pair amplitudes.
All of the remaining configurations are obtained by making multiple applications of the above replacements. Each of these configurations is labelled by the indices of the substituted pairs, with parentheses around those for each double or triple sub-substitution.
The CCVB wave function |Ψ⟩, normalized as ⟨Ψ 0 |Ψ⟩ = 1, is fully defined by the following.
The 2-pair amplitudes are variables to be computed
The 3-pair amplitudes are 0:
The same is true of all other substitutions of an odd number of pairs. The CCVB wave function has a CC property
etc. In this way even-electron excitations are constructed as products of the variables describing the doubles, which recouple 2 triplet pairs to a singlet.
The 2-pair amplitudes, which we group into a vector t, are computed by solving the set of equations R kl (t) = 0, where
where H is the Hamiltonian operator and
is the energy. Note that for two configurations to interact through H, their respective total spins for each pair, i.e. singlet or triplet, can differ only for 2 pairs or less. This is similar to the Slater-Condon rules for determinants. Thus, |Ψ 0 ⟩ only interacts through H with itself and the doubly-substituted configurations, and |Ψ (kl) ⟩ interacts only with the reference configuration and (selected members of) the doubly, triply, and quadruplysubstituted configurations. The CCVB equations can thereby be brought into the following simple form
where
and
This process may be viewed as solving the eigenvalue problem within the doubles subspace.
It, together with orbital optimization of the energy, defines the CCVB model. We have now given enough basic CCVB information to start discussing the incorporation of 3-pair correlation.
A. CCVB with 3-pair correlations: Independent Amplitude Approximation
In a general CC manner, the triples amplitudes can be introduced and combined with each other to make a contribution to the coefficients for the 6-pair-substituted configurations, or combined with the doubles to give non-zero coefficients on the 5-pair-substituted configurations, and so on for higher order substitutions. That is, introducing non-zero triples will not (directly) affect the coefficients for the quadruply-substituted configurations. Doubly and triply substituted configurations must share two indices if they are to interact through H.
The doubles amplitude residual for a generic 3-pair model is therefore simply
Note that |Ψ (klm) ⟩ is antisymmetric under permutations of the 3 indices, and this configuration appears with different index orderings in the above equations.
The immediate inclination for how to compute the triples amplitudes is perhaps to assume an overall CCVB wave function with CC structure akin to eqns. (9) and (10), e.g.
and so on for higher order terms. The trouble with this is that, for a selection of 5 pairs, there are 10 associated pentuply substituted configurations, yet they span only a 6-dimensional subspace. That is, the configurations are linearly dependent. Thus, there may not always exist a CCVB wave function that obeys eq. (19) (for each choice of indices). Such a wave function will exist in the dissociation limit, but this wave function form may pose problems with size consistency more generally. We will discuss this further in a subsequent paper. 
Independent Amplitude Approximation: doubles
It turns out that one way to obtain a working CCVB model that includes 3-pair couplings is to use an independent amplitude approximation (IAA). This derives from a simple observation: for familiar bond dissociations like that of N 2 , the "off-diagonal" terms of eq.
(13), i.e. the terms in R kl (t) involving t km or t lm , cancel in the dissociation limit. Therefore, if we switch to using (20) for the amplitude-equation residuals, then the correct amplitudes and energy, i.e. the same as those of regular CCVB, will be reached in the dissociation limit for these cases. We will call this model "PP+i2", because its 2-pair amplitudes are treated independently (i), i.e. we are solving a local eigenvalue problem for each 2-pair selection:
where Remarkably, we have observed that PP+i2 correctly dissociates the molecules that CCVB cannot, i.e. the ones that, within a more complete model, would exhibit large 3-pair correlation. Thus, given CCVB's incorrectness in these situations, the off-diagonal terms in eq.
(13) do not cancel in the dissociation limit, but, we infer, they do get cancelled by the extra terms included in eq. (17), assuming the correct triples amplitudes are included.
PP+i2 handles the dissociation limit, but what about other parts of the PES? We have
observed that PP+i2 often performs surprisingly well in the equilibrium and intermediatebond-breaking PES regions; evidence for this will be shown below and in the second paper.
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This is in contrast to IEPA, which is typically significantly non-variational in these regions.
Understandably, this very simple model does have some limitations. It is possible for the energy of a doubly substituted configuration to drop significantly below that of the reference, and in this case the pertinent PP+i2 amplitude will be very large. Thus, the PP+i2 amplitudes sometimes "blow up" during the orbital optimization, causing significantly non-variational energies. CCVB, according to our long experience with the model, is highly immune to such behavior. Indeed, we have repeatedly observed that halting an erratic PP+i2 calculation and recomputing the amplitudes with CCVB produces unremarkable amplitudes and a high energy. In other words, the orbitals are far from the optimal CCVB ones in this situation. In fact, one way to resolve this PP+i2 issue is to begin the calculation with CCVB optimized orbitals.
To reveal another problem with PP+i2, consider situations in which µ kl = 0 in eq. (20) .
These matrix elements vanish whenever the associated pairs are well separated, and t kl = 0 is the invariably the result in PP+i2. This behavior is correct for simple situations such as the separation of two N 2 molecules with the k and l pairs localized to separate molecules. 
where the local wave function for a selected 3-pair substitution is
The 3-pair amplitudes are then given simply by
These equations, along with eq. (17), define a 3-pair model that we will call CCVB+i3.
Because the triples equations are so simple, we can think of CCVB+i3 as a modified CCVB doubles model, and indeed its scaling with system size is the same as that of CCVB. This stems from the fact that the new matrix elements found in eq. (25) are efficient to compute.
The practical computation of the κ kl;m is discussed in ref. 36 , and the ω klm can be computed in cubic time, as will be described in the second paper. 46 There, we will also discuss the orbital optimization component of CCVB+i3, noting for now that the process is very similar to that of CCVB. We may therefore conclude that CCVB+i3 has essentially the same computational requirements as CCVB. In our current implementation, CCVB is rate-limited by a fifth-order scaling integral transformation that becomes quartic for large molecules. 35 We have previously demonstrated that CCVB calculations with active spaces of 228 correlated electrons are feasible on a single processor.
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Following the discourse used above for PP+i2, it is straightforward to show that CCVB+i3 is size consistent. It is evident that it can dissociate any state correctly. The fact that it includes the full structure of CCVB leads us to anticipate that it will significantly improve or eliminate the main problems with PP+i2, particularly non-variational blow ups and issues for systems with very long-range strong correlation. We are now ready to consider example calculations with these models.
III. CALCULATIONS
Two methods were described in Section II. The main result is the CCVB+i3 model which extends CCVB theory by use of an independent amplitude approximation (IAA) for 3-pair recouplings (IAA-3). As a by-product a very simple extension to perfect pairing which includes IAA-2 amplitudes was obtained, termed PP+i2. PP+i2 is an approximation to CCVB (though as discussed above, it also has the striking property of being able to dissociate systems correctly that CCVB cannot). Thus a well-defined hierarchy of post-PP methods is PP+i2, CCVB, CCVB+i3. The implementation of CCVB previously reported 35 in the Q-Chem program 50 has been extended to include PP+i2 and CCVB+i3, and was used for all the examples described below. Q-Chem was also used for all HF calculations, and CASSCF calculations used the GAMESS program.
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A. Triangular O 3
We begin with a simple illustrative example: the symmetric dissociation of triangular (D 3h ) O 3 in its singlet state. In the dissociation limit, the singlet ground state for this system is a coupling of 3 triplet O atoms. UHF can assign only s z = 1 or s z = −1 to a triplet O atom, so only the overall s z = 1 and s z = 3 UHF curves will reach the correct dissociation limit. Similarly, we expect that CCVB will be unable to correctly dissociate the singlet state. We plot the energy curves for PP+i2, CCVB, CCVB+i3, UHF, generalized HF (GHF), and CASSCF in Fig. 1 . The cc-pVTZ basis 52 was used for all these calculations. We used 3 active pairs for the CCVB-type methods, and the corresponding (6,6) active space for CASSCF; because each triplet O atom has two unpaired electrons, this is the smallest active space that can provide a qualitatively correct PES for this system.
Indeed, the CCVB energy is too high at dissociation, as opposed to conventional restricted CC energies which are typically too low in bond breaking situations. At dissociation, the CCVB spin coupling of the 6 active electrons is not equal to the singlet coupling of 3 triplets (although it is not orthogonal to the latter), and therefore the CCVB spin coupling includes components involving (1 or 3) singlet oxygen atoms. This is consistent with the high energy UHF and GHF split early in the dissociation, and because of their short equilibrium bond length, this is even before CASSCF reaches its equilibrium bond length. The UHF solution is internally (UHF → UHF) stable at all geometries. Using our spin collinearity test 53 , the GHF solution was confirmed to be noncollinear for all points to the right of about 1.41Å.
The testing also revealed that this GHF wave function has ⟨S x ⟩ = ⟨S y ⟩ = ⟨S z ⟩ = 0 for every geometry. That is, the expectation values for the three axial spin operators are always zero for this solution. Thus, this solution, although significantly spin contaminated, may be said to be of the "singlet type", in a sense similar to how this phrase is applied to UHF in the dissociation of N 2 . It is notable that such a GHF solution reaches the correct dissociation limit. This is in contrast to the symmetric dissociation of CO 2 . In that case, the end result is also 3 triplet atoms, but in a previous paper 53 , were unable to find a GHF solution that dissociates correctly and has vanishing spin expectation values.
We also note that for O 3 , the above GHF solution is not the lowest for all stretched geometries. A collinear solution for s z = 1 drops below it near 2Å, and later on a collinear s z = 3 solution becomes the lowest. These latter solutions have only slightly lower energies than those of the above GHF solution, with a maximum difference of around 1 kcal/mol.
The above GHF solution remains stable until around 2.4Å.
B. Iron-Sulfur Cluster
In coupled, and the two dectet fragments, one centered on frag12 and the other centered on frag34, are coupled to an overall singlet. Crudely, this state is within the UHF scope (though it will break symmetry): we can assign α spins to 9 singly occupied orbitals on frag12, and do likewise with β spins on frag34. Similarly, CCVB should be appropriate for this state, and so we would not expect the latter to entail significant 3-pair amplitudes. This will be confirmed below. As stated in the Introduction, 3-pair correlation must be essential to some states of this complex, and we will now direct this inquiry to the low-lying excited singlet states.
The ground state indicates that the ferric and ferrous sites are preferentially high spin.
Taking a step back from the ground state and looking at this complex more broadly, there are several schemes for spin coupling these 4 sites to an overall singlet. We will focus here on configurations that are couplings of a well-defined spin state on frag12 with a well-defined spin state on frag34 as summarized in Figure 3 . In other words, Fe atoms 1 and 2 can be coupled to any of s = , and each of these can be coupled with the same type of spin coupling for Fe atoms 3 and 4 to form an overall singlet. We will denote these couplings
, where the first and second numbers refer to the local spin values of frag12 and frag34, respectively, and i is one of 1,3,5,7,9. Because the ground state is antiferromagnetic, these 5 singlet configurations should be low-lying. Additionally, the fragment s = states are well outside the UHF scope; UHF cannot dissociate analogous states for Mn 
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This, along with the inter-fragment spin coupling, recommends the
configurations as potential exhibitors for significant 3-pair correlation.
We briefly pause to note that there are additional low-lying singlet configurations in this complex. This comes from the indistinguishability of the sites we have labeled as ferric and ferrous, i.e. the quantum-mechanical equivalence of Fe 2+ -Fe 3+ and Fe 3+ -Fe 2+ , and also from the fact that each ferrous site, being high-spin d 6 , has 5 relatively low lying local states.
Nevertheless, in a heterogeneous molecular environment such as this, one state will tend to dominate each ferrous site and electronic structure methods that provide an incomplete description of electron correlation effects, such as HF and even CASSCF, will tend to break the ferric-ferrous interchangability symmetry. Therefore, we will focus on the above 5 singlet spin couplings.
We must make a distinction between these configurations and the pertinent exact lowlying singlet states. Qualitatively, we expect the latter to be linear combinations of the former. This mixing will vanish as the complex is pulled apart into two similar fragments, one containing frag12 and the other containing frag34. But the complex is relatively far from being in such a dissociated geometry, with the interfragment Fe-Fe distance being slightly shorter than the intrafragment distance. The following considerations will allow us to move forward. The ground state is dominated by the
] configuration, and so it has little if any overlap with the other 4 configurations. Therefore, the
configurations are essentially linked to excited states, these configurations qualitatively underlying the low-lying states of interest. In this paper, we are not interested in any particular excited state. We want to know if 3-pair correlation is important for the lowlying states collectively. For this basic question, we can use the
configurations as surrogates for the exact states. The above discussion suggests that this question will be answered affirmatively. To test this, we will design individualized CCVB-i3 calculations corresponding to each of the
configurations. For now, we will continue the abstract discussion before moving on to more concrete calculations.
In a recent paper 36 , we computed a ladder of spin states with CCVB by first obtaining a CCVB solution for the lowest spin, then converting this solution's most polarized CCVB pair to high spin and using this to initiate a CCVB calculation for the next highest spin in the ladder, and so on. We will use a very similar strategy here. The idea is that we now 
Because of the equivalence of frag12 and frag34, there is a CCVB representation of a doublet on frag34 that corresponds piece-by-piece to the one on frag12. A CCVB representation
is then obtained by joining the 4 pairs of frag12 with the 4 pairs of frag34 and putting the 2 singly occupied orbitals for the two sites into a new CCVB pair. In general,
any pair with one orbital on each fragment will be referred to as "mixed fragment", and any pair with both orbitals on one fragment will be referred to as "same fragment". The 9 pairs above have just 5 unique polarization angles: one for the mixed-fragment pair and 4 for the same-fragment pairs due to the frag12-frag34 equivalence. Again, all of these pairs would be highly polarized.
For an isolated frag12, the spin-ladder guessing scheme would produce a quartet by converting the doublet's most polarized pair to high spin. This works similarly for frag34.
The analogous procedure within the CCVB representation of
is to look at the 4 same-fragment pair duos, select the most polarized one, and rearrange the 4 orbitals in these 2 pairs to obtain 2 new mixed-fragment pairs. This gives an initial guess for
] .
Selecting the most polarized pair duo of the remaining same-fragment pairs and rearranging the 4 orbitals into 2 new mixed-fragment pairs gives an initial guess for
. This may be continued for the remaining configurations. Each time we rearrange 2 same-fragment pairs to get 2 new mixed-fragment pairs, we have a choice: if we label the 4 orbitals as o1, o2, o3, o4, based on which Fe atom they are localized to, then we begin with two pairs (o1,o2),(o3,o4) and we can rearrange to get either (o1,o3),(o2,o4) or (o1,o4),(o2,o3). We chose to rearrange so as to evenly distribute the mixed-fragment pairs around the Fe 4 unit; this provides the best compatibility with the unit's D 2d symmetry. The resulting pairing structures are depicted in Fig. 4 . We can now make these CCVB concepts more concrete. To calculate a CCVB represen-
, we began by obtaining a UHF solution corresponding to
. For this and all other calculations in this subsection, we used the following mixed basis set:
Wachters+f 54-56 for the Fe atoms, 6-31+G* 57,58 for the S atoms, and 6-31G 59 for the C and H atoms. This was chosen for a good compromise between accuracy and speed. The basis is triple-zeta plus polarization for Fe, double-zeta plus polarization for S, along with diffuse orbitals on these atoms, and thus it should be sufficiently accurate for our purposes. For the CCVB-type calculations, we used the resolution of the identity (RI) approximation.
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For this, we used a mixed auxiliary basis set as follows (where we state the corresponding correlation consistent bases): cc-pVTZ for Fe (the i orbitals were discarded), 63 aug-cc-pVDZ for S, 64,65 and cc-pVDZ for C and H. 64, 65 Parameters for some of these bases were obtained from the Basis Set Exchange.
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This UHF solution has Mulliken spin values of 4.5, -3.9, -4.5, 3.9 for Fe atoms 1 through on frag12 and frag34, respectively. Next, we used the UHF corresponding orbitals of this solution as an initial guess for a CCVB calculation, as described in our previous publications. 33, 35 This produces CCVB orbitals that are delocalized between frag12 and frag34. This delocalization, although not incorrect, is at odds with the above localization-based blueprint, thus making it difficult to obtain CCVB results for the other spin-coupling configurations. To get around this, we started a PP calculation from the UHF corresponding orbitals. The resulting PP orbitals, as is almost always the case, are well localized; here, each (valence-bond form) PP orbital is localized to an Fe atom. This PP solution happened to have 3 mixed-fragment pairs, so we rearranged two of the pairs to compensate and then restarted the PP calculation. The result was in line with our blueprint,
i.e. with Fig. 4 (a) . We therefore decided to use PP orbitals for all CCVB calculations below, i.e. optimize orbitals with PP and then simply perform a CCVB amplitude calculation.
The PP calculations for the other spin-coupling configurations were initiated with the above spin-ladder guessing scheme. We verified that in each case, the PP optimized orbitals have the desired locality and pairing arrangements, as in Fig. 4 . In every case, all pairs were nearly fully polarized.
We then calculated CCVB, PP+i2, and CCVB+i3 amplitude solutions at the fixed PP orbitals for the various states. The PP+i2 amplitudes were used to initiate the CCVB and CCVB+i3 calculations. In the
] cases, the CCVB+i3 solutions found this way had higher energies than those of CCVB. Restarting those CCVB+i3 calculations with the CCVB amplitudes resulted in new solutions with energies below the CCVB ones. For the other states, the CCVB+i3 energies were all well below those of CCVB. For a consistency check, we re-did those CCVB calculations starting from these CCVB+i3 amplitudes, and the resulting solutions were the same as originally obtained.
The energies of the above calculations are shown in Table I . The
results show little deviation between CCVB and CCVB+i3, while the differences are significant for the other 3 couplings. For the CCVB+i3 to 0). This is consistent with the above description of the ground state, suggesting that CCVB itself is qualitatively accurate here (within the appropriate (18,18) active space).
The magnitude of the largest 3-pair amplitude for the
calculation is only 0.02.
A low amount of 3-pair correlation was expected for
] , but not for
. For the latter, we would expect there to be significant 3-pair amplitudes involving the mixedfragment pair. In addition, we would expect the 2-pair amplitudes corresponding to one frag12 pair and one frag34 pair to be small, but this is not so in these calculations. Thus the CCVB and CCVB+i3 wave functions here are not purely
couplings. Again, this is not very surprising given the fact that frag12 and frag34 are not distantly interacting fragments. In other words, although we have directed the calculations toward the various spin couplings by carefully choosing the pairing structure, the amplitudes need not strictly adhere to such a constraint. This issue is not of significant concern for our objective, because again we are not focused on any particular excited state. What is more important is that
] approximations have low overlaps with that for
. We provide supporting arguments for this in the Appendix.
The discrepancy between CCVB and CCVB+i3 for
] implies that at least some of the 3-pair amplitudes for these couplings are large. This is indeed the case, with each of these couplings having several such amplitudes. An advantage of the symmetry-broken localized PP orbitals that we have used is that 3-pair amplitudes with significant magnitude may be grouped into 4 types based on the arrangements of their associated atomic pairs. Examples for each of these are shown in Fig. 5 . We label these types "triangle", "xbar", "zigzag", and "u" based on the appearance of the 3 associated pairs when the latter are represented with lines (i.e. bonds) and viewed in a 2-dimensional projection of the Fe 4 unit. The pairs for the triangle type involve 3 Fe atoms, and the pairs for the other types involve all 4 Fe atoms and comprise 2, 1, and 0 same-fragment pairs for xbar, zigzag, and u, respectively. These latter 3 amplitude types all have in common that their pair arrangements appear, in Fig. 5 emanating from 1 atom to each of the other 3, has small amplitudes for all 5 spin couplings.
The observation of large triangle-type amplitudes is expected given the known association of this geometrical arrangment with spin frustration. This is similar to the above O 3 example. ] configuration has u amplitudes, they are all small. This is due to the numerator of the rhs of eqn. 25. This is a subtle matter in this complex: as we move between spin-coupling configurations, certain amplitudes go from being significant to small, despite significant 2-pair amplitudes for the associated indices. In other words, the 2-pair amplitudes alone do not indicate the nature of the associated 3-pair amplitudes, rather the combination of amplitude signs and matrix-element values is material.
IV. CONCLUSIONS
The coupled cluster valence bond (CCVB) model is a simple theory of electron correlation that can describe some important classes of strong spin correlations, such as those associated with chemical bond breaking. CCVB yields size-consistent energies, from a spin-pure wavefunction, and CCVB can correctly separate any molecule into atoms that UHF can dissociate. The latter property reflects an underlying connection between CCVB and projected UHF: CCVB correctly describes the recoupling of pairs of electron pairs, and products of such operators are all that arise in the PUHF wavefunction.
One limitation of CCVB arises when strong spin correlations entangle or recouple 3 electron pairs at once, as occurs in the separation of singlet molecules into fragments that cannot be properly described by UHF or PUHF (e.g. separating CO 2 into triplet C and two triplet O atoms). In this work, CCVB is extended to include the effect of 3-pair recouplings, using an independent amplitude approximation for those 3-pair couplings to define the CCVB+i3 method. A similar independent amplitude approximation could be used to treat the 2-pair recouplings, defining a simple extension, PP+i2, to the perfect pairing model that treats pair correlations without any recoupling.
The 3-pair model, CCVB+i3, is computationally as tractable as CCVB itself, while being able to treat larger classes of strong correlation problems. CCVB+i3 is size-consistent, but has no variational bound, like CCVB itself. CCVB+i3 does not resolve other limitations of CCVB, such the omission of ionic excitations, which lead to difficulties in treating systems with multiple resonance structures. PP+i2 is useful as an initial guess to the CCVB amplitudes, and has the striking feature of also being able to separate any molecule correctly into fragments (i.e. a capability beyond the CCVB model it approximates). However, as defined, PP+i2 is not always numerically stable, while CCVB+i3 appears to be as stable as the parent CCVB method.
Two example calculations are presented to explore the performance of the CCVB+i3 method, and the nature of 3-pair correlations, and when they are significant. The first example, the symmetric dissociation of singlet D 3h ozone, is a textbook case where UHF and PUHF cannot achieve the correct separated atom limit of 3 triplet O atoms. CCVB+i3 does achieve the correct limit, using the minimal 3-pair active space. Although the shape of the CCVB+i3 PES is qualitatively correct, it is underbound by more than 20 kcal/mol relative to the CASSCF result, which itself is underbound due to the neglect of dynamic correlation. This serves as a reminder that general application of CCVB and CCVB+i3 will require some treatment of these missing correlation effects, e.g. via a perturbation correction. There are a number of interesting future research issues regarding CCVB+i3. The major limitation of the theory and implementation described in this work is that it is restricted to even electron molecules in singlet states. The generalization of CCVB itself to open shell systems was successfully accomplished 36 , and we intend to report a corresponding generalization of CCVB+i3 in the near future 46 . Such a method will open larger classes of entangled states to study by CCVB+i3. Finally, a general disadvantage of valencebond methods of the CCVB type (part of the price to be paid for the advantage of loworder polynomial compute cost) is lack of orbital invariance which often leads to multiple minima problems associated with orbital optimization. Solutions to this issue that do not dramatically increase the computational effort would also be very desirable.
